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PRELIMINARY-CONTROLLABILITY

Let Q be a bounded domain in R with smooth boundary. Consider w C Q to be
a subdomain. This is the basic geometric setting for the interior control problem.

(02 = A)u = FL,(x)1(0,7)(t), uloa =0,

where f € L2((0, T) x w), For this model, we say the wave equation is
controllable in time T > 0 if:

EXACT CONTROLLABILITY

For any initial data (ug, u1) € H3 x L? and any target (i, i1) € Hy x L2, there
exists f € L2((0, T) x w) such that the solution u satisfies (u, 0;u)|t=o0 = (uo, 1)
and (u, Oru)|e—1 = (do, ).
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KALMAN CONDITIONS

DEFINITION (USUAL ALGEBRAIC KALMAN RANK CONDITION)

Let m, n be two positive integers. Assume A € M,(R) and B € M, n(R). We
introduce the Kalman matrix associated to A and B given by

[A|B] = [A""1B|---|AB|B] € M, nm(R). We say that (A, B) satisfies the Kalman
rank condition if [A|B] is of full rank.

DEFINITION (KALMAN OPERATOR)

Assume that X € M,(R) and Y € M, m(R). Moreover, let D be a diagonal
matrix. Then, the Kalman operator associated with (—DA + X, Y) is the matrix
operator # = [-DA + X|Y]: D(¥) C (L?)"™ — (L?)").

DEFINITION (OPERATOR KALMAN RANK CONDITION)

We say that the Kalman operator ¢ satisfies the operator Kalman rank condition
if Ker(o2*) = {0}.

JiNGgrul NIU (LJLL ) CONTROLLABILITY OF COUPLED WAVE SYSTEMS



GEOMETRIC CONTROL CONDITION

Let p, be the principal symbol of the operator 92 — A,.

Forw C Q and T > 0, we shall say that the pair (w, T, pg) satisfies GCC if every
general bicharacteristic of p, meets w in a time t < T.

This is a very important condition when one considers the control of waves. One
can refer Rauch-Taylor 74', Bardos-Lebeau-Rauch 88',92', Burg-Gérard 97',- - -

FIGURE: General bicharacteristics
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MICROLOCAL DEFECT MEASURE-1

Based on Gérard-Leichtnam 93' and Burq 97'. Let (u¥)ken be a bounded
sequence in (L3,.(R™; L%(R)))", converging weakly to 0 and such that

{Puk =o(1)y-1,

uk|3/\// =0.

(1)

Let u* be the extension by 0 across the boundary of Q. Then the sequence u* is
bounded in (L2 (R¢; L2(R?)))". Let A be the space of n x n matrices of classical
pseudo-differential operators of order 0 with compact support in RT x RY

PROPOSITION

There exists a subsequence of (u*) (still noted by (u*)) and ju € M™ such that
VAEA, lim (Au, u")2 = {p, o(A)), (2)
— 00 —
where o (A) is the principal symbol of the operator A (which is a matrix of smooth

functions, homogeneous of order 0 in the variable &, i.e. a function on
S*((RT x Rd)).
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MICROLOCAL DEFECT MEASURE-1

For the microlocal defect measure 1 defined before, we have the following
properties.

o supp(p) C Char(P) = {(t,x,7,&);x € M, 72 = |¢|2}.

@ The measure y does not charge the hyperbolic points in OM :
u(H) =0.

@ 4 is invariant along the generalized bicharacteristic flow.
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CLASSIC RESULTS

If (w, T, p) satisfies the GCC, then the equation:

(07 — A)u = F1,(x)10,7)(t)

is exact controllable in H} () x L?(%).

GENERAL APPROACH

@ Apply Hilbert uniqueness method and get the adjoint system and
observability inequality;

@ Deal with high frequency part using the property of the defect measure;
@ Deal with the low frequency part using the uniqueness facts.
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OBSERVABILITY

Applying HUM, we obtain the observability inequality

}
/0 /|V|2dxdtzc(||v0||52+||vl||g,l)

for the adjoint equation (92 — A)v = 0, with initial data (v°, v1).
. T
@ High frequency: ||v(0)||fle,_,,1 <C(fy [, |v|?dxdt + Hv(O)H%_,,le,z)

@ Low frequency: unique continuation result.
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HiGH FREQUENCY ESTIMATES

To establish the weak observability, we prove by contradiction argument. Assume
the weak observability is false, there exists a sequence (v¥(0))xen such that

VOl f2x =1

-
/ / |v¥|?dxdt — 0
0 w

IVEO)[F-1 -2 — 0

= Ju: vanishes in (0, T) x w and invariant along the bicharacteristics.
= u =0 (using GCQ).
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Low FREQUENCY ESTIMATES

Using contradiction argument, to obtain the observability is reduced to a unique
continuation problem:
—Av = v,
V=0, = v=0.
v € H3 (Q).

In fact, we know v = 0 by the Carleman estimates for elliptic operator —A.
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SAME CONTROL FOR DIFFERENT SPEEDS: A SIMPLE

MODEL

(0F = A)ur = 1o, 7y(t)1u(x)

(85 — 2A)U2 = fl(o,T)(t)lw(X) (Ml)
up=0 on(0,T)x0Q,j=1,2,

uj(0,x) = u)(x) € Hy, 0:u;(0,x) = uj(x) € L?,j =1,2.

QUESTION

Is this system controllable in (HE x L?)2?

Assume that (w, T, p;), i = 1,2 satisfies the GCC, then the system (M1) is
exactly controllable.
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BRIEF PROOF

Observability for (M1): [|V(0)|[Z2, -y < C fy [, [vi + va[2dxdt, where (v, v2)
solves

(02 — A)v; =0,

(02 —2A)v, = 0,
with initial data V/(0).

e High frequency: |[vi + wol|%. = ||v1||2. + [|v2|[2. + o(1),
o Low frequency: uniqueness result:

—Ael = /\2617
—20e, = Ney, p = €1 = e =0.
(61 + e‘2)|w =0.
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COMMENTS

In general, we are able to deal with simultaneous control problem for n wave
equations with n different metric g1, g2, - , g, if we assume:

e g1 < g < --- < gn (generalization of different speeds),
@ w satisfies GCC for g1, 4, - , &n,
@ Unique continuation properties.
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MOTIVATIONS: A SIMPLE MODEL

(8? — A)Ul + up =0 in (0, T) x Q,
(02 —2A)u +u3 =0 in (0, T) x 9, (M2)
(02 —20)us =f1l, in(0,T)xQ,
with the Dirichlet boundary condition and some initial data. This system has the
following features:
e f is only acting directly on us,
@ up and us are coupled via a weak coupling (lower order),
@ uy and u, are coupled via a very weak coupling (lower order+different speed).
= Compatibility conditions.

QUESTION

e What is the appropriate state space for this system (M2)?
@ Is it controllable?
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SOBOLEV SPACES WITH BOUNDARY CONDITION

Assume
—Nej =g, el =1.
H&(A) is the Hilbert space defined by
Hy(A)={u=")_ aei Y _(1+57) ] < oo}
JEN* JEN*

This is a suitable Sobolev space assocaited with the Dirichlet Boundary conditions.
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ON REGULARITY OF THE SYSTEM (M2)

For this example system, the controllability from zero is equivalent to the null
controllability. Therefore, we begin with zero initial conditions.

(u1, U, u3) € HY x HE x HY

In fact, it is classic to prove that

uz € CO([Ov T]’ HSIY) N Cl([oa T]7 ng)v
u, € CO([0, T], H3) N CX([0, T], Ha).

For u1, Oyuy = —up, which implies that (00,03 = —[ous = u3. Hence, we
obtain that Chu; € C°H3 N C'HYS. And we already know that

Oiup = —up € COHZ N CTHY. Take the difference, we obtain that

Aup € COH3 N CHE which implies that u; € COHE N CTHS.

COMPATIBILITY CONDITIONS
(—A)ur + Awp € HE.
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COMPATIBILITY CONDITIONS

We introduce a transform S by

3
uy vi Diu,
S| o | =1 v | = Diu,
us V3 us.

Moreover, (v1, va, v3) satisfies the following system:

Oyvi + D?v, = 0in (0, T) x
|:|2V2 + DtV3 =0in (O, ) (MQV)
|:|2V3:fin (0, T) x Q.

Using the identity —D? = 2[J; — [J,, we have that (;(v; — 2v3) — D;v3 = 0.
Hence, O1(Dyvi — 2Dy va + 2v3) = f. However, we know that

D;vi — 2Dyvo + 2v3 = (—A)%uy + Aup + uz, which implies that

(—A)2U1 + Auw, € H§12
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A WAVE SYSTEM COUPLED WITH DIFFERENT SPEEDS

We aim to deal with some controllability properties of the following type of
coupled wave systems:

(0?2 = DA)U + AU = bf1, in (0, T) xQ,
U =0 on (0, T) x 02, (CWS)
(U, atU)‘t:() = (UO, Ul) in Q,

with here

dild, 0 > ( 0 A ) ~ ( 0 )
D= ( ! JA= , and b= ,
0 d2/d”2 nxn 0 A nxn b nx1

where n=ny + ny and dy # db. A1 € My, n,(R) and Ay € M, (R) are two given
coupling matrices and b € R™.
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EQUIVALENT OPERATOR KALMAN RANK CONDITION

PROPOSITION

We denote by K = [~DA + Al|b] the Kalman operator associated with System

(CWS). Then, Ker(KC*) = {0} is equivalent to satisfying all the following
conditions:

QO m=1
@ (A, b) satisfies the usual Kalman rank condition;
@ Assume that Ay = o = (a1, ,ap,). Then VA € o(—A), « satisfies
I12—2 ny .
al Y (=) N AT+ (d — )™ IA T, | b0,
k=0 Jj=k+1

(KC)
where (aj)o<j<n, are the coefficients of the the characteristic polynomial of

the matrix Ay, i.e. x(X)= X"+ Zj"igl a;j X/, with the convention that
an, = 1.
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CONTROLLABILITY OF THE COUPLED WAVE SYSTEM

Given T > 0, suppose that:
Q@ (w, T,py) satisfies GCC, i =1,2.
@ Compatibility conditions.
@ The Kalman operator K = [-DA + A|b] satisfies the operator Kalman rank
condition, i.e. Ker(K*) = {0}.
Then the system (CWS) is exactly controllable.

REMARK
As for compatibility conditions, for example, in the simple model (M2),
(u1, up, u3) € HY x H3 x HE, we have

| A\

(=A)%ur + Auw, € Hj.
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OUTLINE FOR THE PROOF

We prove the above theorem within three steps.

Q

(2]

At first, we simplify the system (CWS), using a Brunovsky normal form.
Based on the equivalent Kalman condition, we prove the exact controllability
for the simplified system.

At the second step, we use the iteration schemes to obtain the compatibility
conditions associated with the coupling structure. Therefore, we prepare the
appropriate state spaces.

In the final step, we use HUM to derive the observability inequality and then
follow the similar procedure. At last, the unique continuation property is
given by the Kalman rank condition.
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SOME COMMENTS

For the simple example (M2), we are also motiveted by Dehman-Le
Rousseau-Léautaud 14’, in which they considered two wave equations in different
speeds in a compact manifold. For two equations, the compatibility conditions are
trivial.

v

We mainly consider the wave system in different speeds. While for the wave
system in the same speed, one can refer to Alabau-Boussouira-Léautaud 13’
Dehman-Le Rousseau-Léautaud 14', Cui-Laurent-Wang 20’,etc. for different
approaches to obtain the controllability.
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SOME FURTHER PERSPECTIVES

As we have shown before, we can deal with several different types of coupling.
@ Different speeds, coupled by the control function;
@ The same speed, coupled by the states;
@ Different speeds, only coupled by different speed part.

A natural question is what would happen if we combining these types, for example:
(07 — diA)Ur + AU + A Us = Bif1,(x) 10, 7(t),
(07 — o A) Uy + Ap Us + AppUs = Baf1,(x) 110, 1(t).

One can expect two kinds of difficulties. The first one is how to get a proper

space associated with the coupling. The other one is the propagation argument
near the boundary.
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Thank you for your attention!




